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DEGENERACY THEOREMS FOR MEROMORPHIC MAPPINGS OF A
COMPLETE KA¨HLER MANIFOLD SHARING HYPERPLANES IN A
PROJECTIVE SPACE
SI DUC QUANG1,2
Abstract. Let M be a complete Ka¨hler manifold, whose universal covering is biholo-
morphic to a ball Bm(R0) in C
m (0 < R0 ≤ +∞). In this article, we will show that if
three meromorphic mappings f1, f2, f3 ofM into Pn(C) (n ≥ 2) satisfying the condition
(Cρ) and sharing q (q > C+ ρK) hyperplanes in general position regardless of multiplic-
ity with certain positive constants K and C < 2n (explicitly estimated), then there are
some algebraic relation between them. A degeneracy theorem for k (2 ≤ k ≤ n+1) mero-
morphic mappings sharing hyperplanes is also given. Our result generalize the previous
result in the case where the mappings from Cm into Pn(C).
1. Introduction
Let f be a linearly nondegenerate meromorphic mapping of Cm into Pn(C), d be a
positive integer and H1, . . . , Hq be q hyperplanes of P
n(C) in general position with
dim f−1(Hi ∩Hj) ≤ m− 2 (1 ≤ i < j ≤ q).
We consider the set F(f, {Hi}
q
i=1, d) of all linearly nondegenerate meromorphic mappings
g : Cm → Pn(C) satisfying the following two conditions:
(a) min{ν(f,Hj)(z), d} = min{ν(g,Hj)(z), d} (1 ≤ j ≤ q),
(b) f(z) = g(z) on
⋃q
j=1 f
−1(Hj).
Here ν(f,H)(z) stands for the intersecting multiplicity of the image of f with a hyperplane
H at the point f(z). Hence, ν(f,H) may be considered as the divisor f
∗H . If d = 1, we
will say that f and g share q hyperplanes {Hj}
q
j=1 regardless of multiplicity.
In 1988, S. Ji [5] showed that if n ≥ 2, then the map f 1 × f 2 × f 3 : Cm −→
Pn(C) × Pn(C) × Pn(C) is algebraically degenerate for every three maps f 1, f 2, f 3 ∈
F(f, {Hi}
3n+1
i=1 , 1). Later, in 1998, H. Fujimoto [3] proved a degeneracy theorem for n+ 2
meromorphic mappings sharing 2n+2 hyperplanes with multiplicities are counted to level
n(n+ 1)
2
+ n as follows.
Theorem A. Suppose that q ≥ 2n + 2 and d =
n(n + 1)
2
+ n and take arbitrary n + 2
mappings f1, . . . , fn+2 in F(f, {Hi}
q
i=1, d). Then, there are n + 1 hyperplanes Hi0, ..., Hin
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among H ′is such that for each pair (j, k) with 0 ≤ i < k ≤ n, we have that
(f 2, Hij )
(f 2, Hik)
−
(f 1, Hij)
(f 1, Hik)
,
(f 3, Hij )
(f 3, Hik)
−
(f 1, Hij)
(f 1, Hik)
, · · · ,
(fn+2, Hij)
(fn+2, Hik)
−
(f 1, Hij)
(f 1, Hik)
are linearly dependent.
The above results of L. Smiley and H. Fujimoto have been extended by many authors
such as T.V. Tan - V. V. Truong [13], S. D. Quang - L. N. Quynh [6] and others. Recently,
in [14] Z. Chen and Q. Yan showed that if three meromorphic mappings f 1, f 2, f 3 belong
to F(f, {Hi}
2n+2
i=1 , 2) then the map f
1×f 2×f 3 is algebraically degenerate. Independently,
in [7] S. D. Quang proved a stronger result as follows.
Theorem B. If n ≥ 2, then the family F(f, {Hi}
2n+2
i=1 , 1) contains at most two maps.
This result have covered all previous results on the degeneracy and algebraic dependence
problem of meromorphic mappings sharing at least 2n+2 hyperplanes in general position
of Pn(C). In [10], N. T. Nhung - L. N. Quynh firstly showed a algebraic relation between
mappings which share less than 2n + 2 hyperplanes in general position regardless of
multiplicities as follows.
Theorem C. Let f be a linearly non-degenerate meromorphic mapping of Cm into Pn(C)
and let H1, . . . , Hq be q hyperplanes of P
n(C) in general position such that
dim f−1(Hi) ∩ f−1(Hj) ≤ m− 2, ∀1 ≤ i < j ≤ q.
Let f 1, f 2, f 3 be three maps in F(f, {Hi}
q
i=1, 1). Assume that q ≥
n+6+
√
7n2+2n+4
2
. Then
there exist [ q
2
] hyperplanes Hi1 , . . . , Hi[ q2 ]
among H ′is such that:
(f 1, Hij)
(f 1, Hi1)
=
(f 2, Hij )
(f 2, Hi1)
or
(f 2, Hij )
(f 2, Hi1)
=
(f 3, Hij)
(f 3, Hi1)
or
(f 3, Hij)
(f 3, Hi1)
=
(f 1, Hij)
(f 1, Hi1)
,
for every j ∈ {2, . . . , [ q
2
]}.
Recently, by introducing the notion of “functions of small integration” with respect to
meromorphic mappings on Ka¨hler manifold, in [9] we have generalized Theorem B to the
case of meromorphic mappings of a complete Ka¨hler manifold into Pn(C). Motivated our
method in [9], in this paper, we will generalize Theorem C to the case of meromorphic
mappings of a complete Ka¨hler manifold.
To state our first main result, we need to recall the following.
Let M be an m-dimensional complete Ka¨hler manifold with Ka¨hler form ω and f be
a meromorphic map of M into Pn(C). Throughout this paper, we always assume that
the universal covering of M is biholomorphic to a ball Bm(R0) in C
m (0 < R0 ≤ +∞).
For ρ ≥ 0, we say that f satisfies the condition (Cρ) if there exists a nonzero bounded
continuous real-valued function h on M such that
ρΩf + dd
c log h2 ≥ Ricω,
where Ωf denotes the pull-back of the Fubini-Study metric form on P
n(C) by f .
Let f be a linearly non-degenerate meromorphic mapping from M into Pn(C) which
satisfies the condition (Cρ). LetH1, . . . , Hq be q hyperplanes of P
n(C) in general possition.
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Denote by ν(f,Hi) the pull-back divisor of Hi by f . Assume that
dim f−1(Hi) ∩ f−1(Hj) ≤ m− 2 (1 ≤ i < j ≤ q).
The family F(f, {Hi}
q
i=1, d) is defined similarly as above.
Our main result is stated as follows.
Theorem 1.1. Let M be an m-dimensional complete Ka¨hler manifold whose universal
covering is biholomorphic to a ball Bm(R0) in C
m (0 < R0 ≤ +∞), and let f be a linearly
non-degenerate meromorphic mapping of M into Pn(C) (n ≥ 2). Let H1, . . . , Hq be q
hyperplanes of Pn(C) in general possition. Assume that f satisfies the condition (Cρ) and
dim f−1(Hi) ∩ f−1(Hj) ≤ m− 2 (1 ≤ i < j ≤ q).
Let f 1, f 2, f 3 be three maps in F(f, {Hi}
q
i=1, 1). Assume that
q ≥
n+ 6 + (7n2 + 2n+ 4)1/2
2
+
(
ρ
3n((n+ 1)(q + n− 3) + q − 2)
2
)1/2
.
Then there exist [ q
2
] hyperplanes Hi1 , . . . , Hi[ q2 ]
among H ′is such that:
(f 1, Hij)
(f 1, Hi1)
=
(f 2, Hij )
(f 2, Hi1)
or
(f 2, Hij )
(f 2, Hi1)
=
(f 3, Hij)
(f 3, Hi1)
or
(f 3, Hij)
(f 3, Hi1)
=
(f 1, Hij)
(f 1, Hi1)
,
for every j ∈ {2, . . . , [ q
2
]}.
Note: If M = Cm then we may choose ρ = 0, and hence Theorem 1.1 immediately
implies Theorem C.
In the last section of this paper, we will prove a degeneracy theorem for a family of
meromorphic mappings of a complete Ka¨hler manifold sharing hyperplanes as follows.
Theorem 1.2. Let M be an m-dimensional complete Ka¨hler manifold whose universal
covering is biholomorphic to a ball Bm(R0) in C
m (0 < R0 ≤ +∞), and let f be a linearly
non-degenerate meromorphic mapping of M into Pn(C) (n ≥ 2) satisfying the condition
(Cρ). Let H1, . . . , Hq be q hyperplanes of P
n(C) in general possition such that
dim f−1(Hi) ∩ f−1(Hj) ≤ m− 2 (1 ≤ i < j ≤ q).
Let f 1, . . . , fk be k mappings in F(f, {Hi}
q
i=1, n). Assume that
q > n+ 1 +
knq
kn + (k − 1)q − k
+ ρ
kn(n + 1)
2
.
Then f 1 × · · · × fk is algebraic degenerate.
2. Basic notions and auxiliary results from Nevanlinna theory
In this section, we recall some notations from the distribution value theory of meromor-
phic mappings on a ball Bm(C) in Cm due to [8, 9].
2.1. Counting function.We set ‖z‖ =
(
|z1|
2+ · · ·+ |zm|
2
)1/2
for z = (z1, . . . , zm) ∈ C
m
and define
B
m(R) := {z ∈ Cm : ‖z‖ < R} (0 < R ≤ ∞),
S(R) := {z ∈ Cm : ‖z‖ = R} (0 < R <∞).
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Define
vm−1(z) :=
(
ddc‖z‖2
)m−1
and
σm(z) := d
clog‖z‖2 ∧
(
ddclog‖z‖2
)m−1
on Cm \ {0}.
For a divisor ν on a ball Bm(R) of Cm, and for a positive integer p or p =∞, we define
the counting function of ν by
ν[p](z) = min {p, ν(z)},
n(t) =


∫
|ν| ∩B(t)
ν(z)vm−1 if m ≥ 2,∑
|z|≤t
ν(z) if m = 1.
Similarly, we define n[p](t).
Define
N(r, r0, ν) =
r∫
r0
n(t)
t2m−1
dt (0 < r0 < r < R).
Similarly, define N(r, r0, ν
[p]) and denote it by N [p](r, r0, ν).
Let ϕ : Bm(R) −→ C be a meromorphic function. Denote by νϕ (res. ν
0
ϕ) the divisor
(resp. the zero divisor) of ϕ. Define
Nϕ(r, r0) = N(r, r0, ν
0
ϕ), N
[p]
ϕ (r, r0) = N
[p](r, r0, (ν
0
ϕ)
[p]).
For brevity, we will omit the character [p] if p =∞.
2.2. Characteristic function. Throughout this paper, we fix a homogeneous coordi-
nates system (x0 : · · · : xn) on P
n(C). Let f : Bm(R) −→ Pn(C) be a meromorphic
mapping with a reduced representation f = (f0, . . . , fn), which means that each fi is a
holomorphic function on Bm(R) and f(z) =
(
f0(z) : · · · : fn(z)
)
outside the indeterminacy
locus I(f) of f . Set ‖f‖ =
(
|f0|
2 + · · ·+ |fn|
2
)1/2
.
The characteristic function of f is defined by
Tf (r, r0) =
∫ r
r0
dt
t2m−1
∫
B(t)
f ∗Ω ∧ vm−1, (0 < r0 < r < R).
By Jensen’s formula, we have
Tf(r, r0) =
∫
S(r)
log ‖f‖σm −
∫
S(r0)
log ‖f‖σm +O(1), (as r → R).
2.3. Auxiliary results. Repeating the argument in [2, Proposition 4.5], we have the
following.
Proposition 2.1. Let F0, . . . , Fl−1 be meromorphic functions on the ball Bm(R0) in Cm
such that {F0, . . . , Fl−1} are linearly independent over C. Then there exists an admissible
set
{αi = (αi1, . . . , αim)}
l−1
i=0 ⊂ N
m,
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which is chosen uniquely in an explicit way, with |αi| =
∑m
j=1 |αij| ≤ i (0 ≤ i ≤ l − 1)
such that:
(i) Wα0,...,αl−1(F0, . . . , Fl−1)
Def
:= det (Dαi Fj)0≤i,j≤l−1 6≡ 0.
(ii) Wα0,...,αl−1(hF0, . . . , hFl−1) = h
l+1Wα0,...,αl−1(F0, . . . , Fl−1) for any nonzero mero-
morphic function h on Bm(R0).
The function Wα0,...,αl−1(F0, . . . , Fl−1) is called the general Wronskian of the mapping
F = (F0, . . . , Fl−1).
Definition 2.2 (Cartan’s auxialiary function). For meromorphic functions F,G,H on
Bm(R0) and α = (α1, . . . , αm) ∈ Z
m
+ , we define the Cartan’s auxiliary function as follows:
Φα(F,G,H) := F ·G ·H ·
∣∣∣∣∣∣
1 1 1
1
F
1
G
1
H
Dα( 1
F
) Dα( 1
G
) Dα( 1
H
)
∣∣∣∣∣∣ .
Lemma 2.3 (see [3, Proposition 3.4]). If Φα(F,G,H) = 0 and Φα( 1
F
, 1
G
, 1
H
) = 0 for all α
with |α| ≤ 1, then one of the following assertions holds:
(i) F = G,G = H or H = F ,
(ii) F
G
, G
H
and H
F
are all constant.
Lemma 2.4 (see [10, Lemma 3.2]). If Φα(F,G,H) ≡ 0 for all |α| = 1 then there exist
constants α0, β0, not all zeros, such that
α0
(
1
F
−
1
G
)
= β0
(
1
F
−
1
H
)
.
For each 1 ≤ u ≤ k, we fix a reduced representation fu = (fu0 : · · · : f
u
n ) of f
u and set
‖fu‖ = (|fu0 |
2 + · · ·+ |fun |
2)1/2.
We denote by C(Bm(R0)) the set of all non-negative functions g : B
m(R0) → [0,+∞]
which are continuous (corresponding to the topology of the compactification [0,+∞]) and
only attain +∞ in a thin set.
Definition 2.5 (Functions of small integration [9, Definition 3.1]). A function g in
C(Bm(R0)) is said to be of small integration with respective to f
1, . . . , fk at level l0 if
there exist an element α = (α1, . . . , αm) ∈ N
m with |α| ≤ l0, a positive number K, such
that for every 0 ≤ tl0 < p < 1,∫
S(r)
|zαg|tσm ≤ K
(
R2m−1
R − r
k∑
u=1
Tfu(r, r0)
)p
for all r with 0 < r0 < r < R < R0, where z
α = zα11 · · · z
αm
m .
We denote by S(l0; f
1, . . . , fk) the set of all functions in C(Bm(R0)) which are of
small integration with respective to f 1, . . . , fk at level l0. We see that, if g belongs
to S(l0; f
1, . . . , fk) then g is also belongs to S(l; f 1, . . . , fk) for every l > l0. Moreover, if
g is a constant function then g ∈ S(0; f 1, . . . , fk).
Proposition 2.6 (see [9, Proposition 3.2]). If gi ∈ S(li; f
1, . . . , f l) (1 ≤ i ≤ s) then∏s
i=1 gi ∈ S(
∑s
i=1 li; f
1, . . . , f l).
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Definition 2.7 (Functions of bounded integration [9, Definition 3.3]). A meromorphic
function h on Bm(R0) is said to be of bounded integration with bi-degree (p, l0) for the
family {f 1, . . . , fk} if there exists g ∈ S(l0; f
1, . . . , fk) satisfying
|h| ≤ ‖f 1‖p · · · ‖fu‖p · g,
outside a proper analytic subset of Bm(R0).
Denote by B(p, l0; f
1, . . . , fk) the set of all meromorphic functions on Bm(R0) which are
of bounded integration of bi-degree (p, l0) for {f
1, . . . , fk}. We list here some properties:
• For a meromorphic mapping h, |h| ∈ S(l0; f
1, . . . , fk) iff h ∈ B(0, l0; f
1, . . . , fk).
• B(p, l0; f
1, . . . , fk) ⊂ B(p, l; f 1, . . . , fk) for every 0 ≤ l0 < l.
• If hi ∈ B(pi, li; f
1, . . . , fk) (1 ≤ i ≤ s) then
h1 · · ·hm ∈ B(
s∑
i=1
pi,
s∑
i=1
li; f
1, . . . , fk).
The following proposition is proved by Fujimoto [1] and reproved by Ru-Sogome [11].
Proposition 2.8 (see [1, Proposition 6.1], also [11, Proposition 3.3]). Let L1, . . . , Ll be
linear forms of l variables and assume that they are linearly independent. Let F be a mero-
morphic mapping from the ball Bm(R0) ⊂ C
m into Pl−1(C) with a reduced representation
F = (F0, . . . , Fl−1) and let (α1, . . . , αl) be an admissible set of F . Set l0 = |α1|+ · · ·+ |αl|
and take t, p with 0 < tl0 < p < 1. Then, for 0 < r0 < R0, there exists a positive constant
K such that for r0 < r < R < R0,∫
S(r)
∣∣∣∣zα1+···+αlWα1,...,αl(F0, . . . , Fl−1)L0(F ) . . . Ll−1(F )
∣∣∣∣
t
σm ≤ K
(
R2m−1
R − r
TF (R, r0)
)p
.
This proposition implies that the function
Wα1,...,αl(F0, . . . , Fl−1)
L0(F ) . . . Ll−1(F )
belongs to S(l0;F ).
Proposition 2.9. see [9, Proposition 3.2] Let M be a complete connected Ka¨hler man-
ifold whose universal covering is biholomorphic to a ball Bm(R0) (0 < R0 ≤ +∞). Let
f 1, f 2, . . . , fk be m linearly non-degenerate meromorphic mappings from M into Pn(C),
which satisfy the condition (Cρ). Let H1, . . . , Hq be q hyperplanes of P
n(C) in general
position, where q is a positive integer. Assume that there exists a non zero holomorphic
function h ∈ B(p, l0; f
1, . . . , fk) such that
νh ≥ λ
k∑
u=1
q∑
i=1
ν
[n]
(fu,Hi)
,
where p, l0 are non-negative integers, λ is a positive number. Then we have
q ≤ n + 1 + ρk
n(n + 1)
2
+
1
λ
(p+ ρl0) .
For the sake of completeness, we give a sketch of the proof of this proposition by
repeating the same lines of the proof of [9, Proposition 3.2].
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Proof. Without loss of generality, we may assume that M = Bm(R0).
If R0 = +∞, by the second main theorem we have
|| (q − n− 1)
k∑
u=1
Tfu(r, 1) ≤
k∑
u=1
q∑
i=1
N
[n]
(fu,Hi)
(r, 1) + o(
k∑
u=1
Tfu(r, 1))
≤
1
λ
Nh(r, 1) + o(
k∑
u=1
Tfu(r, 1))
=
p
λ
k∑
u=1
Tfu(r, 1) + o(
k∑
u=1
Tfu(r, 1)).
Letting r → +∞, we obtain
q ≤ n+ 1 +
p
λ
.
Now, we consider the case where R0 < +∞. Without loss of generality we assume that
R0 = 1. Suppose contrarily that q > n + 1 + ρk
n(n + 1)
2
+
1
λ
(p+ ρl0). Then, there is a
positive constant ǫ such that
q > n+ 1 + ρk
n(n + 1)
2
+
1
λ
(p+ ρ(l0 + ǫ)) .
Put l′0 = l0 + ǫ > 0.
Suppose that fu has a reduced representation fu = (fu0 : · · · : f
u
n ) for each 1 ≤ u ≤ k.
Since fu is linearly non-degenerate, there exists an admissible set (αu0 , . . . , α
u
n) ∈ (N
m)n+1
with |αui | ≤ i (0 ≤ i ≤ n) such that the general Wronskian
W (fu) := det
(
Dα
u
i (fuj ); 0 ≤ i, j ≤ n
)
6≡ 0.
By usual argument of Nevanlinna theory, we have
νh ≥ λ
k∑
u=1
q∑
i=1
ν
[n]
(fu,Hi)
≥ λ
k∑
u=1
(
q∑
i=1
ν(fu,Hi) − νW (fu)
)
.
Put wu(z) := z
αu0+···+αun W (f
u)∏q
i=1(f,Hi)
(1 ≤ u ≤ 3). Since h ∈ B(p, l0; f
1, . . . , fk), there
exists a function g ∈ S(l0; f
1, . . . , fk) and β = (β1, . . . , βm) ∈ Z
m
+ with |β| ≤ l0 such that
∫
S(r)
∣∣zβg∣∣t′ σm = O
(
R2m−1
R− r
k∑
u=1
Tfu(r, r0)
)l
,(2.10)
for every 0 ≤ l0t
′ < l < 1 and
|h| ≤
(
k∏
u=1
‖fu‖
)p
|g|.(2.11)
8 SI DUC QUANG1,2
Put t = ρ
q−n− p
λ
−1 > 0 and φ := |w1| · · · |wk| · |z
βh|1/λ. Then a = t log φ is a plurisubhar-
monic function on Bm(1) and (
k
n(n + 1)
2
+
l′0
λ
)
t < 1.
Therefore, we may choose a positive number p′ such that 0 ≤ (k n(n+1)
2
+
l′0
λ
)t < p′ < 1.
Since fu satisfies the condition (Cρ), then there exists a continuous plurisubharmonic
function ϕu on B
m(1) such that
eϕudV ≤ ‖fu‖ρvm.
We see that ϕ = ϕ1 + · · ·+ ϕk + a is a plurisubharmonic function on B
m(1). We have
eϕdV = eϕ1+···+ϕk+t log φdV ≤ et log φ
k∏
u=1
‖fu‖ρvm = |φ|
t
k∏
u=1
‖fu‖ρvm
= |zβg|t/λ
k∏
u=1
(|wu|
t · ‖fu‖ρ+pt/λ)vm = |z
βg|t/λ
k∏
u=1
(|wu|
t · ‖fu‖(q−n−1)t)vm.
Setting x =
l′0/λ
kn(n+ 1)/2 + l′0/λ
, y =
n(n + 1)/2
kn(n + 1)/2 + l′0/λ
, then we have x + ky = 1.
Therefore, by integrating both sides of the above inequality over Bm(1) and applying
Ho¨lder inequality, we have∫
Bm(1)
eudV ≤
∫
Bm(1)
k∏
u=1
(|wu|
t · ‖fu‖(q−n−1)t)|zβg|t/λvm
≤
(∫
Bm(1)
|zβg|t/(λx)vm
)x
×
k∏
u=1
(∫
Bm(1)
(|wu|
t/y · ‖fu‖(q−n−1)t/y)vm
)y
≤
(
2m
∫ 1
0
r2m−1
(∫
S(r)
|zβg|t/(λx)σm
)
dr
)x
×
k∏
u=1
(
2m
∫ 1
0
r2m−1
(∫
S(r)
(
|wu| · ‖f
u‖(q−n−1)
)t/y
σm
)
dr
)y
.
(2.12)
(a) We now deal with the case where
lim
r→1
sup
∑k
u=1 Tfu(r, r0)
log 1/(1− r)
<∞.
We see that
l0t
λx
≤
l′0t
λx
=
(
k
n(n + 1)
2
+
l′0
λ
)
t < p′ and
n(n+ 1)
2
t
y
=
(
k
n(n+ 1)
2
+
l′0
λ
)
t < p′.
By [2, Proposition 6.1] and (2.10), there exists a positive constant K such that, for every
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0 < r0 < r < r
′ < 1, we have
∫
S(r)
(
|wu| · ‖f
u‖(q−n−1)
)t/y
σm ≤ K
(
r′2m−1
r′ − r
Tfu(r
′, r0)
)p′
(1 ≤ u ≤ k)
and
∫
S(r)
|zβg|t/(λx)σm ≤ K
(
r′2m−1
r′ − r
k∑
u=1
Tfu(r
′, r0)
)p′
.
Choosing r′ = r +
1− r
emax1≤u≤k Tfu(r, r0)
, we have Tfu(r
′, r0) ≤ 2Tfu(r, r0), for all r
outside a subset E of (0, 1] with
∫
E
1
1−rdr < +∞. Hence, the above inequality implies
that ∫
S(r)
(
|wu| · ‖f
u‖(q−n−1)
)t/y
σm ≤
K ′
(1− r)p′
(
log
1
1− r
)2p′
(1 ≤ u ≤ k)
and
∫
S(r)
|zβg|t/(λx)σm ≤
K ′
(1− r)p′
(
log
1
1− r
)2p′
for all r outside E, and for some positive constant K ′. Then the inequality (2.12) yields
that ∫
Bm(1)
eudV ≤ 2m
∫ 1
0
r2m−1
K ′
1− r
(
log
1
1− r
)2p′
dr < +∞.
This contradicts the results of S.T. Yau [15] and L. Karp [4].
(b) We now deal with the remaining case where
lim
r→1
sup
∑k
u=1 Tfu(r, r0)
log 1/(1− r)
=∞.
As above, we have
∫
S(r)
|zβg|t/(λx)σm ≤ K
(
1
1− r
k∑
u=1
Tfu(r, r0)
)p′
for every r0 < r < 1. By the concativity of logarithmic function, we have
∫
S(r)
log |zβ|t/(λx)σm +
∫
S(r)
log |g|t/(λx)σm ≤ K
′′
(
log+
1
1− r
+ log+
k∑
u=1
Tfu(r, r0)
)
.
This implies that
∫
S(r)
log |g|σm = O
(
log+
1
1− r
+ log+
k∑
u=1
Tfu(r, r0)
)
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By [2, proposition 6.2] and (2.11), we have
k∑
u=1
pTfu(r, r0) +
∫
S(r)
log |g|σm ≥ Nh(r, r0) + S(r) ≥ λ
k∑
u=1
q∑
i=1
N
[n]
(f,Hi)
(r, r0) + S(r)
≥ λ
k∑
u=1
(q − n− 1)Tfu(r, r0) + S(r),
where S(r) = O(log+ 1
1−r + log
+∑k
u=1 Tfu(r0, r)) for every r excluding a set E with∫
E
dr
1−r < +∞. Letting r → 1, we get
p
λ
> q − n− 1. This is a contradiction. Hence, the
supposition is false The proposition is proved. 
3. Proof of Main Theorems
Lemma 3.1. Let f be a meromorphic mapping from Bm(R0) (0 < R0 ≤ +∞) into
Pn(C). Let f 1, f 2, . . . , fk be three maps in F(f, {Hi}
q
i=1, 1). Assume that each f
u has a
representation fu = (fu0 : · · · : f
u
n ), 1 ≤ u ≤ k. Suppose that there exist 1 ≤ i1 < i2 <
· · · < ik ≤ q such that
P := det

 (f
1, Hi1) (f
1, Hi2) · · · (f
1, Hik)
...
... · · ·
...
(fk, Hi1) (f
k, Hi2) · · · (f
k, Hik)

 6≡ 0.
Then we have
νP (z) ≥
k∑
j=1
( min
1≤u≤k
{ν(fu,Hi)(z)} − ν
[1]
(f,Hi)
(z)) + (k − 1)
q∑
i=1
ν
[1]
(f,Hi)
(z),
for every z ∈ Bm(R0) outside an analytic set of codimension two.
Proof. Without loss of generalization, we suppose that i1 = 1, . . . , ik = k. Consider a point
z 6∈
⋃
i 6=j (f
−1(Hi) ∩ f−1(Hj)). If z is a zero of some (f,Hj) (1 ≤ j ≤ k), for instance z is
a zero of (f,H1), then z is zero of (f
u, H1) with multiplicity at least min1≤u≤k{ν(fu,H1)(z)}
and z also is a zero of all
(fu, Hj)
(fu, Hq)
−
(f 1, Hj)
(f 1, Hq)
. We have P =
(∏k
u=1(f
u, Hq)
)
detA, where
A =


(f 1, H1)
(f 1, Hq)
(f 2, H1)
(f 2, Hq)
−
(f 1, H1)
(f 1, Hq)
· · ·
(fk, H1)
(fk, Hq)
−
(f 1, H1)
(f 1, Hq)
...
... · · ·
...
(f 1, Hk)
(f 1, Hq)
(f 2, Hk)
(f 2, Hq)
−
(f 1, Hk)
(f 1, Hq)
· · ·
(fk, Hk)
(fk, Hq)
−
(f 1, Hk)
(f 1, Hq)

 .
Hence z is a zero of all elements in the columns 2, 3, . . . , k, and is also a zero of all
elements in the first row of the matrix A with multiplicity at least min1≤u≤k{ν(fu,H1)(z)}.
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This implies that
νP (z) ≥ (k − 1) +
(
min
1≤u≤k
{ν(fu,H1)(z)} − 1
)
=
k∑
j=1
(
min
1≤u≤k
{ν(fu,Hi)(z)} − ν
[1]
(f,Hi)
(z)
)
+ (k − 1)
q∑
i=1
ν
[1]
(f,Hi)
(z).
Now, if z is a zero of some (f,Hj) with j > k. Without loss of generality we may suppose
that k < q. We see that z is zero of all elements in the columns 2, . . . , k. This implies
that
νP (z) ≥ (k − 1) =
k∑
j=1
(
min
1≤u≤k
{ν(fu,Hi)(z)} − ν
[1]
(f,Hi)
(z)
)
+ (k − 1)
q∑
i=1
ν
[1]
(f,Hi)
(z).
The lemma is proved. 
If M = Cm then we may choose ρ = 0 and the theorem is exactly Theorem C in
[10]. Hence, without loss of generality, in this proof we only consider the case where
M = Bm(1).
Now for three mappings f 1, f 2, f 3 ∈ F(f, {Hi}
q
i=1, 1), we define:
F ijk =
(fk, Hi)
(fk, Hj)
(0 ≤ k ≤ 2, 1 ≤ i, j ≤ q).
Lemma 3.2. With the assumption of Theorem 1.1, let f 1, f 2, f 3 be three meromor-
phic mappings in F(f, {Hi}
q
i=1, 1). Assume that there exist i, j ∈ {1, 2, . . . , q} and α ∈
Nm with |α| = 1 such that Φαij 6≡ 0. Then there exists a meromorphic function gij ∈
B(1, 1; f 1, f 2, f 3) such that
νgij ≥
3∑
u=1
ν
[n]
(fu,Hi)
+
3∑
u=1
ν
[n]
(fu,Hj)
+ 2
q∑
t=1
t6=i,j
ν
[1]
(f,Ht)
− (2n+ 1)ν
[1]
(f,Hi)
− (n+ 1)ν
[1]
(f,Hj)
.
Furthermore, if there exits α′ ∈ Zm+ with |α
′| = 1 such that Φα
′
(F ji1 , F
ji
2 , F
ji
3 ) 6≡ 0 then
there exist a meromorphic function g{i,j} ∈ B(2, 2; f 1, f 2, f 3) such that
νg{i,j} ≥ 2
3∑
u=1
∑
t=i,j
ν
[n]
(fu,Ht)
+ 4
q∑
t=1
t6=i,j
ν
[1]
(f,Ht)
− (3n + 2)
∑
t=i,j
ν
[1]
(f,Ht)
.
For sake of the completeness, we will give a sketch of the proof of this lemma as follows
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Proof. We have
Φαij = F
ij
1 · F
ij
2 · F
ij
3 ·
∣∣∣∣∣∣
1 1 1
F ji1 F
ji
2 F
ji
3
Dα(F ji1 ) D
α(F ji2 ) D
α(F ji3 )
∣∣∣∣∣∣
=
∣∣∣∣∣∣
F ij1 F
ij
2 F
ij
3
1 1 1
F ij1 D
α(F ji2 ) F
ij
2 D
α(F ji2 ) F
ij
3 D
α(F ji3 )
∣∣∣∣∣∣
= F ij1
(Dα(F ji3 )
F ji3
−
Dα(F ji2 )
F ji2
)
+F ij2
(Dα(F ji1 )
F ji1
−
Dα(F ji3 )
F ji3
)
+ F ij3
(Dα(F ji2 )
F ji2
−
Dα(F ji1 )
F ji1
)
.
(3.3)
This implies that
(
3∏
u=1
(fu, Hj)) · Φ
α
ij = gij ,
where
gij =(f
1, Hi) · (f
2, Hj) · (f
3, Hj) ·
(
Dα(F ji3 )
F ji3
−
Dα(F ji2 )
F ji2
)
+ (f 1, Hj) · (f
2, Hi) · (f
3, Hj) ·
(
Dα(F ji1 )
F ji1
−
Dα(F ji3 )
F ji3
)
+ (f 1, Hj) · (f
2, Hj) · (f
3, Hi) ·
(
Dα(F ji2 )
F ji2
−
Dα(F ji1 )
F ji1
)
.
Hence, we easily see that
|gij| ≤ C · ‖f
1‖ · ‖f 2‖ · ‖f 3‖ ·
3∑
u=1
∣∣∣∣Dα(F jiu )F jiu
∣∣∣∣ ,
where C is a positive constant, and then gij ∈ B(1; 1; f
1, f 2, f 3). It is clear that
νΦαij = −
3∑
u=1
ν(fu,Hj) + νgij .(3.4)
Hence, it is sufficient for us to prove that
νΦαij ≥−
3∑
u=1
ν(fu,Hj) +
3∑
u=1
ν
[n]
(fu,Hi)
+
3∑
u=1
ν
[n]
(fu,Hj)
+ 2
q∑
t=1
t6=i,j
ν
[1]
(f,Ht)
− (2n+ 1)ν
[1]
(f,Hi)
− (n+ 1)ν
[1]
(f,Hj)
.
(3.5)
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We set
S =
⋃
s 6=t
{z; ν(f,Hs)(z) · ν(f,Ht)(z) > 0}.
Then S is an analytic subset of codimension at least two in Bm(1). We denote by P
the right hand side of the inequality (3.5). In order to prove the inequality (3.5), it is
sufficient for us to show that
νΦαij (z) ≥ P (z)(3.6)
for all z outside the set I.
Indeed, for z 6∈ I, we distinguish the following cases:
Case 1: z ∈ Supp ν(f,Ht) (t 6= i, j). We see that P (z) = 2. We write Φ
α
ij in the form
Φαij = F
ij
1 · F
ij
2 · F
ij
3 ×
∣∣∣∣
(
F ji1 − F
ji
2
) (
F ji1 − F
ji
3
)
Dα
(
F ji1 − F
ji
2
)
Dα
(
F ji1 − F
ji
3
) ∣∣∣∣ .(3.7)
Then by the assumption that f 1, f 2, f 3 coincide on Tt, we have F
ji
1 = F
ji
2 = F
ji
3 on Tt.
The property of the general Wronskian implies that νΦαij (z) ≥ 2 = P (z).
Case 2: z ∈ Supp ν(f,Hi). We have
P (z) =
3∑
u=1
ν
[n]
(fu,Hi)
(z)− (2n+ 1) ≤ min
1≤u≤3
{ν
[n]
(fu,Hi)
(z)} − 1.
We may assume that ν(f1,Hi)(z) ≤ ν(f2,Hi)(z) ≤ ν(f3,Hi)(z). We write
Φαij = F
ij
1
[
F ij2 (F
ji
1 − F
ji
2 )F
ij
3 D
α(F ji1 − F
ji
3 )− F
ij
3 (F
ji
1 − F
ji
3 )F
ij
2 D
α(F ji1 − F
ji
2 )
]
It is easy to see that F ij2 (F
ji
1 − F
ji
2 ), F
ij
3 (F
ji
1 − F
ji
3 ) are holomorphic on a neighborhood
of z, and
ν∞
F ij3 Dα(F ji1 −F ji3 )
(z) ≤ 1,
and ν∞
F ij2 Dα(F ji1 −F ji2 )
(z) ≤ 1.
Therefore, it implies that
νΦαij (z) ≥ ν
[n]
(f1,Hi)
(z)− 1 ≥ P (z).
Case 3: z ∈ Supp ν(f,Hj). We may assume that
νF ji1
(z) ≥ νF ji2
(z) ≥ νF ji3
(z).
From (3.7), we easily see that
νΦαij (z) ≥ −
3∑
u=1
ν(fu,Hj)(z) + ν(f2,Hj)(z) + ν(f3,Hj)(z)− |α|
≥ −
3∑
u=1
ν(fu,Hj)(z) +
3∑
u=1
ν
[n]
(fu,Hj)
(z)− (n+ 1)ν
[1]
(f,Hj)
(z) = P (z).
From the above three cases, the inequality (3.6) holds.
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Moreover, if there exits α′ ∈ Zm+ with |α
′| = 1 such that Φα
′
(F ji1 , F
ji
2 , F
ji
3 ) 6≡ 0 then
we construct function gji similarly as gij and set g{i,j} = gijgji. It is clear that g{i,j} ∈
B(2, 2; f 1, f 2, f 3) and
νg{i,j} ≥ 2
3∑
u=1
∑
t=i,j
ν
[n]
(fu,Ht)
+ 4
q∑
t=1
t6=i,j
ν
[1]
(f,Ht)
− (3n + 2)
∑
t=i,j
ν
[1]
(f,Ht)
.
The lemma is proved. 
Lemma 3.8. Let f and H1, . . . , Hq be as in Theorem 1.1. Let f
1, f 2, f 3 be three maps in
F(f, {Hi}
q
i=1, 1). Assume that
q > n + 1 +
3nq
2q + 3n− 6
+ ρ
(
n(n + 1)
2
+
3nq
2q + 3n− 6
)
.
Then there exist ([ q
2
] + 1) hyperplanes Hi0 , . . . , Hi[ q2 ]
among H ′is such that for each j (1 ≤
j ≤ [ q
2
]) there exist two constants αj, βj, not all zeros, satisfying
αj
(
(f 1, Hij )
(f 1, Hi0)
−
(f 2, Hij )
(f 2, Hi0)
)
= βj
(
(f 1, Hij)
(f 1, Hi0)
−
(f 3, Hij)
(f 3, Hi0)
)
or αj
(
(f 1, Hi0)
(f 1, Hij )
−
(f 2, Hi0)
(f 2, Hij )
)
= βj
(
(f 1, Hi0)
(f 1, Hij)
−
(f 3, Hi0)
(f 3, Hij)
)
.
Proof. For each i (1 ≤ i ≤ q), we denote by S(i) the set of all j 6= i such that
Φα(F ij1 , F
ij
2 , F
ij
3 ) ≡ 0 for ∀|α| = 1 or Φ
α(F ji1 , F
ji
2 , F
ji
3 ) ≡ 0 for ∀|α| = 1. Hence we
see that j ∈ S(i) if and only if i ∈ S(j). By Lemma 2.4, it is suffice for us to show that
there exists an index i such that ♯S(i) ≥
[
q
2
]
.
Indeed, suppose contrarily that ♯S(i) <
[
q
2
]
. Consider the simple graph G with vertices
{1, . . . , q} and the set of edges consisting of all pair {i, j} so that j 6∈ S(i). Therefore each
vertex of this graph has degree at least (q− 1)− (
[
q
2
]
− 1) ≥
q
2
. Then by Dirac’s theorem
for simple graph, there exists a Hamilton cycle i1i2 . . . iqi1 in G, for instance we suppose
that ij = j. Setting
σ(i) =
{
i+ 1 if i < q
1 if i = q,
we have σ(i) 6∈ S(i) and i 6∈ S(σ(i)). Then by Lemma 3.2, we get functions g{i,σ(i)}
corresponding to the pair {i, σ(i)} and hence
νg{i,σ(i)} ≥ 2
3∑
u=1
∑
t=i,σ(i)
ν
[n]
(fu,Ht)
+ 4
q∑
t=1
t6=i,σ(i)
ν
[1]
(f,Ht)
− (3n+ 2)
∑
t=i,σ(i)
ν
[1]
(f,Ht)
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Summing both sides of the above inequalities over all i = 1, . . . , q, we get
ν∏q
i=1 g{i,σ(i)}
≥ 4
3∑
u=1
q∑
i=1
ν
[n]
(fu,Ht)
+ (4q − 6n− 12)
q∑
i=1
ν
[1]
(f,Ht)
≥
(
4 +
4q − 6n− 12
3n
) 3∑
u=1
q∑
i=1
ν
[n]
(fu,Ht)
=
4q + 6n− 12
3n
3∑
u=1
q∑
i=1
ν
[n]
(fu,Ht)
.
It is clear that
∏q
i=1 g{i,σ(i)} ∈ B(2q, 2q; f
1, f 2, f 3). Then, from Proposition 2.9, we have
q ≤ n+ 1 + ρ
n(n + 1)
2
+
3n
4q + 6n− 12
(2q + ρ2q)
= n + 1 +
3nq
2q + 3n− 6
+ ρ
(
n(n + 1)
2
+
3nq
2q + 3n− 6
)
.
This is a contradiction.
Therefore, there exists i0 such that ♯S(i0) ≥
[
q
2
]
. The theorem is proved. 
Claim 3.9. If n, q satisfy
q ≥
n + 6 + (7n2 + 2n+ 4)1/2
2
+
(
ρ
3n((n + 1)(q + n− 3) + q − 2)
2
)1/2
(3.10)
then
q > n + 1 +
3nq
2q + 3n− 6
+ ρ
(
n(n + 1)
2
+
3nq
2q + 3n− 6
)
.(3.11)
Proof. We see that (3.11) equivalent to the following:
(q − n− 1)(q +
3n
2
− 3)−
3nq
2
>
3n
(
(n+ 1)(
q
3
+
n
2
− 1) + q
)
ρ
2
⇔ q2 − nq − 4q −
3n2
2
+
3n
2
+ 3 >
3n
(
(n+ 1)(
q
3
+
n
2
− 1) + q
)
ρ
2
⇔
(
q −
n+ 4
2
)2
>
7n2 + 2n+ 4
4
+
3n
(
(n+ 1)(
q
3
+
n
2
− 1) + q
)
ρ
2
.
We note that (n+ 1)
(q
3
+
n
2
− 1
)
+ q ≤ (n+ 1)(q + n− 3) + q − 2, then from (3.10) we
imply that(
q −
n + 4
2
)2
>
(
q −
n + 6
2
)2
>
7n2 + 2n+ 4
4
+ ρ
3n((n + 1)(q + n− 3) + q − 2)ρ
2
≥
7n2 + 2n+ 4
4
+ ρ
3n((n+ 1)(
q
3
+
n
2
− 1) + q)ρ
2
,
and hence get (3.11). The claim is proved. 
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Proof of theorem 1.1. Suppose that the conclusion of the theorem does not hold.
By Lemma 3.8 and Claim 3.9, there exist ([ q
2
] + 1) hyperplanes among H ′is, for instance
they are H1, . . . , Hp (p = [
q
2
] + 1), and for each j (2 ≤ j ≤ p) there exist constants αj , βj,
not all zeros, such that
αj
(
(f1, Hj)
(f1, H1)
−
(f2, Hj)
(f2, H1)
)
= βj
(
(f1, Hj)
(f1, H1)
−
(f3, Hj)
(f3, H1)
)
or αj
(
(f1, H1)
(f1, Hj)
−
(f2, H1)
(f2, Hj)
)
= βj
(
(f1, H1)
(f1, Hj)
−
(f3, H1)
(f3, Hj)
)
.
By the supposition, there exists an index j (2 ≤ j ≤ p), for instance j = 2, such that
α2 6= 0, β2 6= 0 and α2 6= β2. Thus
α2
(
(f1, H2)
(f1, H1)
−
(f2, H2)
(f2, H1)
)
= β2
(
(f1, H2)
(f1, H1)
−
(f3, H2)
(f3, H1)
)
,
i.e.,
(β2 − α2)
(f1, H2)
(f1, H1)
+ α2
(f2, H2)
(f2, H1)
= β2
(f3, H2)
(f3, H1)
.(3.12)
We denote by S the set of all singularities of f−1(Ht) (1 ≤ t ≤ q) and set
I = S ∪
⋃
s 6=t
(
f−1(Hs) ∩ f−1(Ht)
)
.
Then I is an analytic subset of codimension at least two in Cm.
From (3.12), it is easy to see that
ν(fk ,H2)(z) ≥ min{ν(fl,H2)(z), ν(fs,H2)(z)},
ν(fk ,H1)(z) ≤ max{ν(fl,H1)(z), ν(fs,H1)(z)},
(3.13)
for all z /∈ I and permutations (k, l, s) of {1, 2, 3}.
We consider the meromorphic mapping F of Cm into P1(C) with a reduced representa-
tion F =
(
h1
h2
(f1, H2)
(f1, H1)
:
h1
h2
(f2, H2)
(f2, H1)
)
, where h1, h2 are holomorphic functions which are
chosen so that
νh1(z) = max
1≤u≤3
ν(fu,H1)(z),
νh2(z) = min
1≤u≤3
ν(fu,H2)(z)
for all z 6∈ I. This implies that g :=
h2(f1, H1)(f2, H1)
h1
is a holomorphic function. Setting
F0 =
h1
h2
(f1, H2)
(f1, H1)
and F1 =
h1
h2
(f2, H2)
(f2, H1)
, we have
||F || =
(
|F0|
2 + |F1|
2
)1/2
=
1
|g|
(
|(f1, H2)(f2, H1)|
2 + |(f2, H2)(f1, H1)|
2
)1/2
≤ C
||f1|| · ||f2||
|g|
,
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where C is a positive constant. This implies that T (r, F ) ≤
∑3
u=1 T (r, f
u). Therefore
S(l0;F ) ⊂ S(l0; f
1, f 2, f 3) and B(k, l0;F ) ⊂ B(k, l0; f
1, f 2, f 3) for every l0 and k.
Setting F2 =
h1
h2
(f3, H2)
(f3, H1)
, we have (β2−α2)F0+α2F1 = β2F2. Since (F0 : F1) is a reduced
representation, F0, F1, F2 has no common zero outside the indeterminacy set I(F ) of F ,
which is of codimension two. Also each zero of Fi (0 ≤ i ≤ 2) must be zero of (f
u, H1) or
zero of (fu, H2) (1 ≤ u ≤ 3). Then we have
2∑
i=0
ν
[1]
Fi
≤ ν
[1]
(f,H1)
+ ν
[1]
(f,H2)
.
We suppose that F is not constant, then there is an index set α ∈ (Z+)
m with |α| = 1
such that
W α(F ) =
∣∣∣∣ F0 F1DαF0 DαF1
∣∣∣∣ 6≡ 0.
Then
∣∣∣∣W α(F )FsFt
∣∣∣∣ ∈ S(1;F ) for every 0 ≤ s < t ≤ 2.
On the other hand, setting P =
(F0 − F1)W
α(F )
F0F1F2
, we have
|P | ≤ C
(∣∣∣∣W α(F )F0F2
∣∣∣∣+
∣∣∣∣W α(F )F1F2
∣∣∣∣
)
,
for some positive constant C. Hence P ∈ S(1;F ) ⊂ S(1; f 1, f 2, f 3). As the usual property
of wronskian, we have
νP ≥ νF0−F1 −
2∑
i=0
ν
[1]
Fi
≥
q∑
i=3
ν
[1]
(f,Hi)
− ν
[1]
(f,H1)
− ν
[1]
(f,H2)
.
We consider the set of indices {3, 4, . . . , q}. For each i ∈ {3, 4, . . . , q}, denote by S ′(i)
the set consisting of all j ∈ {3, 4, . . . , q} \ {i} satisfying
(f 1, Hi)
(f 1, Hj)
≡
(f 2, Hi)
(f 2, Hj)
. if there
exists an index i such that ♯S ′(i) ≥ [q/2] − 1 then the conclusion of the theorem holds
trivially. Therefore, we only consider the case where ♯S ′(i) ≤ [q/2]−2 for all i. Denote by
H the simple graph with the set of vertices {3, . . . , q} and the set of edges consisting of all
pair {i, j} so that j 6∈ S ′(i) (equivalent to i 6∈ S ′(j)). Then each vertex of H has degree
at least
(
q − 3−
[q
2
]
+ 2
)
≥
q − 2
2
. Hence, by Dirac’s theorem, the graph H contains a
Hamilton cycle j1 . . . jq−2j1. We set v(i) = ji+1 if i < q − 2 and v(q − 2) = j1, and
Pi := (f
1, Hji)(f
2, Hjv(i))− (f
1, Hjv(i))(f
2, Hji) 6≡ 0 (1 ≤ i ≤ q − 2).
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Then we see that
νPi ≥ min{ν(f1,Hji), ν(f1,Hji )}+min{ν(f1,Hjv(i) ), ν(f1,Hjv(i) )}+
q∑
s=1
s6=ji,jv(i)
ν
[1]
(f,Hs)
≥
∑
s=ji,jv(i)
(ν
[n]
(f1,Hs)
+ ν
[n]
(f2,Hs)
− (n + 1)ν
[1]
(f,Hs)
) +
q∑
s=1
ν
[1]
(f,Hs)
.
Here, we use the inequality min{a, b} ≥ min{a, n}+min{b, n} − n.
Setting P{1,2} =
∏q−2
i=1 Pi and summing up both sides of the above inequalities over all
i = 1, . . . , q − 2, we get
νP{1,2} = 2
∑
u=1,2
q∑
i=3
ν
[n]
(fu,Hs)
− 2(n+ 1)
q∑
i=3
ν
[1]
(fu,H1)
+ (q − 2)
q∑
i=1
ν
[1]
(f,Hi)
≥ 2
∑
u=1,2
q∑
i=3
ν
[n]
(fu,Hs)
+ (q − 2n− 4)
q∑
i=3
ν
[1]
(fu,H1)
+ (q − 2)
(
ν
[1]
(f,H1)
+ ν
[1]
(f,H2)
)
.
Similarly, we define P{1,3}, P{2,3} and set Q = P{1,2}P{1,3}P{2,3}. Then we have
Q ∈ B(2(q − 2), 0; f 1, f 2, f 3))
and
νQ ≥ 4
3∑
u=1
q∑
i=3
ν
[n]
(fu,Hs)
+ 3(q − 2n− 4)
q∑
i=3
ν
[1]
(fu,H1)
+ 3(q − 2)(ν
[1]
(f,H1)
+ ν
[1]
(f,H2)
).
Hence
νQP 3(q−2) ≥ 4
3∑
u=1
q∑
i=3
ν
[n]
(fu,Hs)
+ 3(2q − 2n− 6)
q∑
i=3
ν
[1]
(fu,H1)
≥
(
4 +
2q − 2n− 6
n
) 3∑
u=1
q∑
i=3
ν
[n]
(fu,Hs)
.
Since QP 3(q−2) ∈ B(2(q−2), 3(q−2); f 1, f 2, f 3), from the above inequality and Proposition
2.9 we have
q − 2 ≤ n+ 1 + ρ
3n(n + 1)
2
+
1
4 + 2q−2n−6
n
(2(q − 2) + ρ3(q − 2))
= n + 1 +
(q − 2)n
q + n− 3
+ ρ
(
3n(n+ 1)
2
+
3(q − 2)n
2q + 2n− 6
)
.
Thus
(q − n− 3)(q + n− 3)− (q − 2)n ≤ ρ
3n(n + 1)(q + n− 3) + 3(q − 2)n
2
,
i.e., (
q − 3−
n
2
)2
≤
5n2 + 4n
4
+
3n((n+ 1)(q + n− 3) + q − 2)ρ
2
.
MEROMORPHIC MAPPINGS OF A COMPLETE KA¨HLER MANIFOLD 19
This implies that
q − 3−
n
2
≤
(5n2 + 4n)1/2
2
+
(
ρ
3n((n+ 1)(q + n− 3) + q − 2)
2
)1/2
.
Thus
q ≤
n+ 6 + (5n2 + 4n)1/2
2
+
(
ρ
3n((n + 1)(q + n− 3) + q − 2)
2
)1/2
<
n+ 6 + (7n2 + 2n+ 4)1/2
2
+
(
ρ
3n((n + 1)(q + n− 3) + q − 2)
2
)1/2
.
This is a contradiction.
Then the supposition is false. Therefore, the conclusion of the theorem holds. The
theorem is proved. 
Proof of Theorem 1.2. Without loss of generality, in this proof we only consider the case
where M = Cm and the case where M = Bm(1).
Denote by I the set of all k-tuple I = (i1, . . . , ik) ∈ N
k with 1 ≤ i1 < i2 < · · · < ik ≤ q
and set p = ♯I.
Suppose contrarily that f 1 × f 2 × · · · × fk is not algebraically degenerate. Then for
every I = (i1, . . . , ik) ∈ I,
PI := det ((f
s, Hit); 1 ≤ s, t ≤ k) 6≡ 0.
By Lemma 2.4, we have
νPI ≥
k∑
s=1
(
min{ν(fu,His); 1 ≤ u ≤ k} − ν
[1]
(f,His )
)
+ (k − 1)
q∑
i=1
ν
[1]
(f,Hi)
=
k∑
s=1
(
ν
[n]
(f,His )
− ν
[1]
(f,His )
)
+ (k − 1)
q∑
i=1
ν
[1]
(f,Hi)
.
Setting P =
∏
I∈I PI and summing up both sides of the above inequalities over all I ∈ I,
we get
νP ≥
q∑
i=1
(
pk
q
ν
[n]
(f,Hi)
+
p((k − 1)q − k)
q
ν
[1]
(f,Hi)
)
≥
(
pk
q
+
p((k − 1)q − k)
nq
) q∑
i=1
ν
[n]
(f,Hi)
=
(
p
q
+
p((k − 1)q − k)
knq
) k∑
u=1
q∑
i=1
ν
[n]
(fu,Hi)
.
(3.14)
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Case 1. M = Cm. By the second main theorem and the definition of the characteristic
functions, we have∥∥∥∥ (q − n− 1)
k∑
u=1
Tfu(r, 1) ≤
k∑
u=1
q∑
i=1
N
[n]
(fu,Hi)
(r, 1) + o
(
k∑
u=1
Tfu(r, 1)
)
≤
(
p
q
+
p((k − 1)q − k)
knq
)−1
NP (r, 1) + o
(
k∑
u=1
Tfu(r, 1)
)
≤
knq
kn+ (k − 1)q − k
k∑
u=1
Tfu(r, 1) + +o
(
k∑
u=1
Tfu(r, 1)
)
.
Here, notation “‖” means the inequality holds for all r ∈ [1,+∞) outside a Lebesgue
measure set. Letting r → +∞, we get
q ≤ n + 1 +
knq
kn+ (k − 1)q − k
.
This is a contradiction.
Case 2. M = Bm(1). Applying Proposition 2.9 for the function P ∈ B(p, 0; f 1, . . . , fk),
we get
q ≤ n+ 1 + p
(
p
q
+
p((k − 1)q − k)
knq
)−1
+ ρk
n(n+ 1)
2
,
i.e.,
q ≤ n+ 1 +
knq
kn+ (k − 1)q − k
+ ρ
kn(n + 1)
2
.
This is a contradiction.
Hence, the supposition is false. The theorem is proved. 
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